The main aim of this paper is to give structural information of a finite group of minimal order belonging to a subgroup-closed class of finite groups and whose p-length is greater than 1, p a prime number. Alternative proofs and improvements of recent results about the influence of minimal p-subgroups on the p-nilpotence and p-length of a finite group arise as consequences of our study.
Introduction and statement of results
All groups considered are finite. In the following p will be a prime number. The motivation for this paper comes from [7] , where some results about the influence of minimal p-subgroups on the p-nilpotence and p-length of groups were given. More precisely, the authors proved there that if p is odd and G is a group with a Sylow p-subgroup P such that the elements of order p of P are in Z p−1 (P ), then G is p-nilpotent if and only if N G (P ) is p-nilpotent (Theorem D). In addition, if G is p-soluble and the elements of order p are actually in Z p−2 (P ), then G is of p-length at most 1 (Theorem E). The pnilpotence of G in the above theorem is deduced from [12, Main Theorem] , whose proof depends on the interesting fact that every p-Schur-Frattini extension of certain groups of p-length 2 has a subgroup isomorphic to a certain p-group called Y p (m) provided that p is odd ([12, Section 3.4 and Proposition 3.5]).
Unfortunately, we have found some delicate points in the proof of the above statement. For instance, the image of the form defined in Equation (3.14) is not contained in general in GF(p e ) because we cannot assure in general that this image is fixed by the corresponding Frobenius-type automorphism. Moreover, in the construction of the subgroup isomorphic to Y p (m) in Case 1.B in the proof of [12, Proposition 3.5] , it is not sufficient to ensure that the chosen element x is not fixed under the automorphism x → x p f , because x could be taken as an element of the maximal submodule of the regular module and hence x might generate a non-regular submodule.
We have been unable to overcome those difficulties, especially the second one, just following Weigel's proof and so we have tried to solve them by presenting an alternative proof of Proposition 3.5 of [12] . This is done in the paper [2] .
The aim of this paper is to describe a completely different approach based on the classical theory of Hall and Higman (see Chapter IX of [10] ). An improvement of Theorem E and Theorem D of [7] follow from our main result.
We prove the following general result.
Theorem A. Let P be a subgroup-closed class of p-groups, and let Y(P) denote the class of all p-soluble groups whose Sylow p-subgroups are in P. Also, let L p be the class of all groups of p-length at most one. Suppose that Y(P) is not contained in L p , and let G be a p-soluble group of minimal order
, the Frattini subgroup of G, is contained in P and one of the following holds.
1. If p is not a Fermat prime or the Hall p -subgroups of G are abelian, then the nilpotence class of P/Φ(G) is greater than or equal to p.
2. If p is a Fermat prime, then the nilpotence class of P/Φ(G) is greater than or equal to p − 1.
We now come to our principal applications of Theorem A.
If P is a p-group and k is a natural number, we denote
Our first corollary is an improvement of Theorem E in [7] .
Corollary 1. Let p be a prime. Let G be a p-soluble group.
1. If Ω(P ) ≤ Z p−2 (P ), then G has p-length at most 1.
2.
If p is not a Fermat prime or the Hall p -subgroups of G are abelian and Ω(P ) ≤ Z p−1 (P ), then G has p-length at most 1.
Our second corollary confirms Theorem D of [7] and gives some additional information.
Corollary 2 (See [7, Theorem D] ). Suppose that p is a prime. Let G be a group and P a Sylow p-subgroup of G. Assume that N G (P ) is p-nilpotent.
2. If p = 2, and either Ω(P ) ≤ Z(P ), or Ω 1 (P ) ≤ Z(P ) and P is quaternion-free, then G is 2-nilpotent.
We round the paper off with some examples showing that the lower bounds in Theorem A are attained (Examples 3 and 4). Example 5 shows that the hypotheses on the Sylow 2-subgroups in Corollary 2 are necessary.
Proof of Theorem A
By [5, A, 10.2; IV, 3.4(a) and 4.8(a); IX, 1.11 and 1.12], the class L p of all p-soluble groups of p-length at most 1 is a subgroup-closed saturated Fitting formation. Moreover, since P is subgroup-closed, the class Y(P) is also subgroup-closed. These facts will be used repeatedly in what follows.
We proceed in a number of steps, the first of which consists of three closely related statements, all of which are consequences of the structure of the proper subgroups of G.
(1) Every proper subgroup of G has p-length at most 1. In particular:
2. G is a group which has only one maximal normal subgroup;
Note that every proper subgroup of G belongs to Y(P). 
Suppose that O p (G) = 1 and let N be a minimal normal subgroup of G contained in O p (G). Then P N/N is a Sylow p-subgroup of G/N such that P N/N ∼ = P . Since |G/N | < |G| the group G/N is of p-length at most 1 and so is G. This contradicts our assumption. Thus O p (G) = 1.
In particular, O q (G) = 1 for all primes q = p. Then
is a p -group. By [9, VI, 1.7] R has Hall p -subgroups and all of them are conjugate in G.
Step (3) is therefore justified.
. If P were normal in G, then G would be of p-length at most 1, contradicting our hypothesis. Hence U = N G (P ).
(5) G is a {p, q}-group for some prime q = p and
Moreover O p (G) ≤ A and, in particular, G/A is a cyclic p-group.
By
Step (4), G has precisely one maximal subgroup containing P . Hence we can appeal to [11, X, 9.9] and conclude that G = O p,q,p (G), for some prime q = p, A/N is the only minimal normal subgroup of G/N and U = P N . Since G is a {p, q}-group, G is soluble by the well-known theorem of Burnside ([5, I, Section I]).
Since
Step (1).
(6) Let M be a maximal subgroup of G complementing F/Φ(G). Write B = P ∩ M and let Q be a Sylow q-subgroup of G contained in M . We have:
(ii) Since G = AM and M = QB, we have
and then B/Φ(G) is cyclic by
Step (5).
This means that
is generated by all conjugates of Q, we have
Now F/Φ(G) can be regarded as an irreducible M -module over the finite field of p elements.
is a system normaliser of G and therefore is nilpotent by [5, I, 5.4] . Thus B ≤ C G (Φ(Q)).
(vi) Applying [5, I, 5.9], we have that 
It is clear that G/H has order p and
. Moreover H has p-length at most 1 and O p (H) = 1 by Step (1) . Therefore the Sylow p-subgroup F B 0 of H is normal in H. Hence F B 0 ≤ O p (G) = F and so B 0 ≤ F ∩ M = Φ(G). This implies that H = A and the Frattini subgroup of the cyclic p-group B/Φ(G) is trivial. This is to say that B/Φ(G) has order p.
Next we focus our attention on the quotient group G = G/Φ(G). For any subgroup X of G we will write X to denote the image of X in G: X = XΦ(G)/Φ(G).
• either Q is elementary abelian,
• or Q has class 2 and Q = Z(Q) = Φ(Q) is elementary abelian, and x acts trivially on Z(Q). This implies that
Step (6), we have that Q is extraspecial.
Recall that F can be regarded as an irreducible and faithful M -module over K = GF(p), the finite field of p elements. Let F B denote the subgroup F regarded as B-module over K by restriction.
(9) If Q is abelian, then F B is a direct sum of copies of the regular KB-module.
Since F is an irreducible M -module over K, we can apply [1, 3.3 .40] to conclude that F B is isomorphic to a direct sum of copies of the regular KB-module.
(10) Assume that Q is extraspecial.
• If p is not a Fermat prime, then regular KB-module is a direct summand of F B .
• If p is a Fermat prime then two possibilities arise:
-either the regular KB-module is a direct summand of F B ,
-or F B is a direct sum of copies of the Jacobson radical, J(KB), of the regular KB-module. Suppose that no direct summand of (F 1 ) B is isomorphic to the regular LB-module. Then V = 0 and ( 
By [10, VII, 1.21], the regular KB-module is a direct summand of F B provided the regular LB-module is a direct summand of (
Hence we have:
• If p is not a Fermat prime, then the B-module F B contains a direct summand isomorphic to KB, the regular KB-module.
(a) either F B contains a direct summand isomorphic to KB, the regular KB-module, (b) or F B is a direct sum of indecomposable modules isomorphic to J(KB).
(11) Conclusion. (a) Suppose that p is not a Fermat prime or Q is abelian. Then a direct summand of F B is isomorphic to the regular KB-module. In this case P/Φ(G) contains a subgroup isomorphic to W by [5, B, 11.1] . Then the nilpotence class of P/Φ(G) is greater or equal than p by [5, A, 8.2] .
(b) Suppose that p is a Fermat prime. Then it could occur that F B is a direct sum of indecomposable KB-modules isomorphic to J(KB). In this case P/Φ(G) contains a subgroup isomorphic to W/ Z(W ) and so the nilpotence class of P/Φ(G) is greater or equal to p − 1 by [5, A, 8.2].
Proofs of the Corollaries
Proof of Corollary 1. Consider the class P k the class of all p-groups P such that Ω(P ) ≤ Z k (P ), for some integer k. Then P k is a subgroup-closed class of p-groups. Let Y(P k ) denote the class of all p-soluble groups whose Sylow p-subgroups are in
then G is a group described in Theorem A. We follow the same notation. Consider the normal subgroup A. Suppose that every element of order p of A is in Φ(G). By part (vi) of (6) this is to say that [3, Corollary 4] . This implies that Q ≤ C G (F ) ≤ F , and this is not true. Therefore there exists an element of order p, or order 2 or 4 if p = 2, say g, in F \ Φ(G).
Since P /F ∼ = B is a cyclic group, we have that the nilpotence class of P/Φ(G) is less than or equal to k. Consequently, the class
Moreover, every group G in Y(P p−1 ) whose Hall p -subgroups of G are abelian is of p-length at most 1. This proves Corollary 1.
Remark. Note that Corollary 1 improves Theorem E of [7] for non-Fermat odd primes and groups with abelian Hall p -subgroups.
Proof of Corollary 2.
(1) We suppose that the statement is false and derive a contradiction. Let G be a non-p-nilpotent group of minimal order subject to having a Sylow p-subgroup P , p odd, such that N G (P ) is p-nilpotent and Ω(P ) ≤ Z p−1 (P ). Then G satisfies the following properties.
Assume O p (G) = 1, and let N be a minimal normal subgroup of
The minimality of G yields G/N is p-nilpotent and so G is p-nilpotent, giving a contradiction.
Let Z J(P ) denote the centre of the Thompson subgroup of P (see [8, 8, Section 2] 
Applying [8, 8.3 .1], we deduce that G is p-nilpotent, contrary to supposition.
Suppose that G/F is not p-nilpotent. Then F is a proper subgroup of P and thus Z J(P/F ) is a non-trivial subgroup of P/F which is not normal in G/F . Write Z/F = Z J(P/F ). Then N G (Z) is a non-p-nilpotent proper subgroup of G containing P . This contradicts the minimal choice of G. Hence G/F is p-nilpotent. In particular, G is p-soluble and then C G (F ) ≤ F by [9, VI, 6.5] .
(c) G is a soluble group whose p-length is at most 1.
Let U be a maximal subgroup of G containing P . Since F ≤ U we have O p (U ) ≤ C U (F ) ≤ F , and therefore O p (U ) = 1. By minimality of G, U is a p-nilpotent group and then P = U .
Applying [11, X, 9 .9], we have that G is a {p, q}-group for some prime q = p. Then G is a {p, q}-group, and there exists a Sylow q-subgroup Q of G such that G = P Q.
Note that F = Core G (P ). Then G/F is a primitive group and P/F is a core-free maximal subgroup of G, which is complemented in G/F by a minimal normal subgroup of G/F (note that G is soluble by Burnside's theorem). Then Soc(G/F ) = QF/F . Since Q ∼ = QF/F , it follows that Q is an elementary abelian Sylow q-subgroup of G.
Therefore G is a p-soluble group with abelian Hall p -subgroups and Ω(P ) ≤ Z p−1 (P ). By Corollary 1, G has p-length at most 1.
(d) We have a contradiction.
Since G has p-length at most 1 and O p (G) = 1, then P is normal in G. This is to say that G = N G (P ). Then G is p-nilpotent by hypothesis. This final contradiction completes the proof.
(2) Suppose that p = 2 and Ω(P ) ≤ Z(P ). Since N G (P ) is 2-nilpotent, it follows that Ω(P ∩G ) is contained in the centre of N G (P ). We can apply then [4, Theorem 1] to conclude that G is 2-nilpotent. Moreover, if Ω 1 (P ) ≤ Z(P ) and P is quaternion-free, then G is 2-nilpotent by [4, Theorem 2].
Examples
The next two examples show that there exist groups in which the bounds of Theorem A are attained. 
be an extraspecial group of order 32 which is the central product of a quaternion group g 2 , g 4 and a dihedral group g 3 , g 4 g 5 of order 8. This group has an automorphism g 1 of order 5 given by g
We can take the semidirect product R = [Q] g 1 . Now consider the extraspecial group E = g 7 , g 8 , g 9 , g 10 , g 11 | g 
11
= g 11 (the details can be checked with GAP [6] ). The corresponding semidirect product G = [E]R is a group of order 2 5 · 5 6 = 500,000. This is a soluble group of 5-length 2 and every maximal subgroup of G is of 5-length 1. Its Sylow 5-subgroup P = g 1 , g 7 , g 8 , g 9 , g 10 , g 11 and its Frattini subgroup is Φ(G) = g 11 . The nilpotency class of P/Φ(G) is exactly 4 = 5 − 1. This shows that the bound of Theorem A cannot be improved for the Fermat prime p = 5.
The thesis of Corollary 2 (2) does not hold if Ω 1 (P ) ≤ Z(G) but G has sections isomorphic to the quaternion group Q 8 of order 8, as the following example shows.
Example 5. There are groups G with a Sylow 2-subgroup P such that Ω 1 (P ) ≤ Z(P ) but G is not p-nilpotent. Let G = SL 2 (3) be the special linear group of dimension 2 over GF(3). Then G is not 2-nilpotent. However, a Sylow 2-subgroup P of G is isomorphic to a quaternion group of order 8 and Ω 1 (P ) ≤ Z(P ). Therefore the hypothesis of Corollary 2 (2) cannot be removed.
